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Abstract
In this paper, we present a simple analytical method for obtaining a nonspreading
solution of the time-dependent Schro¨dinger equation, which is given by the Airy function.
The solution is derived by imposing a restriction on the phase factor of the ansatz that
is taken to solve the differential equation. Considering at first the free particle, we show
that nonspreading solutions can also be obtained for a time-dependent linear potential.
The method is shown to work in both one and two dimensions, and can be easily extended
if required. The applicability of the method is discussed in relation to the nonlinear case.
1 Introduction
Berry and Balazs showed that the free-particle Schro¨dinger equation admits non-trivial solutions
whose amplitude is given by the Airy differential equation [1]. Specifically, they showed that
−
~
2
2m
ψxx = i~ψt , (1)
has a unique solution given by
ψ(x, t) = Ai
[
B
~2/3
(
x−
B3t2
4m2
)]
e(iB
3t/2m~)[x−(B3t2/6m2)] , (2)
where Ai(z) is the Airy function and B is a positive constant. Unlike plane wave solution, the
Airy solution given above is not separable in the variables {x, t}. The essential feature of these
solutions is that the time-evolution of the wavepacket is non-dispersive. The solution given
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by Eq. (2) was proved to be the only unique solution of Eq. (1) having this property. This
result was originally explained in terms of the behaviour of the corresponding families of the
semiclassical orbits in phase space. Subsequently, much work has been done to interpret this
surprising result, with a proper quantum mechanical derivation being given in [2].
Recently, the nonspreading solution has evoked considerable interest in the community. It
has been shown that, under the paraxial approximation the wave equation allows a nonspreading
solution [3]. It has been verified experimentally by generating optical beams with wave packets
that are accelerated [4]. This leads further possibility of using these solutions in various optical
systems.
In this paper, we show that it is possible to obtain the result from techniques based on
ordinary calculus. It is shown that the in the ansatz A(x, t)eiφ(x,t) that is used to obtain
wave-like solutions of Eq. (1), a particular choice of the phase φ will lead to a reduction of the
Schro¨dinger equation to the Airy differential equation. In this paper, we first describe a method
for obtaining the nonspreading solution for the Schro¨dinger equation for a free particle in one
dimension. We also show that we can easily extend the solution for linear and time-dependent
potentials. In section 3, we show that the method can be extended to higher dimension by
taking the two dimensional case as an example.
2 The method for obtaining solution
We are looking for non-trivial solutions of
ψxx + iκψt − V¯ (x, t)ψ = 0 , (3)
where κ = 2m/~ and V¯ = (κ/~)V . We start with the free particle case first with V¯ (x, t) = 0.
After demonstrating the method, we extend the solution with a potential term.
2.1 The one-dimensional Schro¨dinger equation
In this section we solve for the non-disperssive solution in one dimension. We start with V = 0
in Eq. (3). First, we propose a trial solution of the form,
ψ = A(x, t) eiφ(x,t) , (4)
where A(x, t) and φ(x, t) are assumed to be real functions. Separating real and imaginary parts
after substituting Eq. (4) in Eq. (3), we obtain:
Axx −A(φx)
2 − κAφt = 0 ,
Aφxx + 2Axφx + κAt = 0 . (5)
We start with the ansatz that the phase term φ(x, t) must satisfy the Laplace equation,
∂2φ
∂x2
= 0 , (6)
With this we get,
φ = φ1 · x+ φ0 , (7)
2
where {φ1, φ0} are functions of time only. Substituting φ in Eq. (5), we get
Axx −Ay = 0 , (8)
where,
y = φ21 + κ
(
φ˙1x+ φ˙0
)
. (9)
In the above, φ˙ =
dφ
dt
. We further assume that ∂y/∂x is constant implying φ˙1 = P (a constant).
Then we have reduced Eq. (3) to an Airy differential equation with the solution
A = Ai
[
y
(κP )2/3
]
. (10)
The condition for φ0 is given from Eq. (5) by
κφ¨0 + 4P
2t = 0 , (11)
resulting in,
φ0 = −
2
3κ
P 2t3 +Qt . (12)
Here P and Q are constants. It can be shown that one can get Berry’s solution with Q = 0
and P = B3/2m~ where B is an arbitrary positive constant.
At this point, we would like to physically justify the ansatz used in obtaining the solution.
It is closely related to the symmetry properties of the Schro¨dinger equation. The Schro¨dinger
equation admits a Galilean transformation which preserves the form of the differential equation
[5]. The transformed wave-function is then just the original wave-function multiplied by a phase
which is linear in the spatial coordinates. Thus, we must have ∂2φ/∂x2 = 0.
2.2 With linear potential
In this section, we generalise to the case with potential. Starting with the same trial solution
to obtain,
Axx − A(φx)
2 − κAφt − V¯ A = 0 ,
Aφxx + 2Axφx + κAt = 0 . (13)
Since the second equation is the same as given in Eq. (5), the form of φ is modified by an
additional term due to the potential. The equation for the amplitude A also takes the same
form in terms of the variable y = φ21+κ
(
φ˙1x+ φ˙0
)
+ V¯ , as before, ∂y/∂x is assumed constant.
Like before, we take dφ1/dt = P with the addition that ∂V¯ /∂x = V¯1, both of them being
constants. With these conditions, we have
∂y
∂x
= κ
dφ1
dt
+
∂V¯
∂x
= κP + V¯1 , (14)
from which we finally get
φ1 = Pt , V¯ = V¯1x+ V¯0 . (15)
3
Here, we have freedom to choose V¯0 to be a function of time. In order to get φ0 we solve an
equation similar to Eq. (7) to obtain
φ0 = −
1
κ2
[∫ t
V¯0(t
′)dt′ +
2
3
κP 2t3 −
1
3
P V¯1t
3
]
+Qt , (16)
where Q is a constant. It can be readily seen this is a validation of the results of Berry and
Balazs for more general potentials of the form F (t)x.
3 Solution in two dimensions
In this section, we consider the Schro¨dinger equation in two spatial dimensions. For the
potential-free case we wish to solve,
ψxx + ψyy + iκψt = 0 , (17)
with the trial solution ψ = A(x, y, t)eiψ(x,y,t). Proceeding similarly as before, the real and
imaginary parts are separated as
Axx + Ayy −A(φx)
2 − A(φy)
2 − κAφt = 0 ,
Aφxx + Aφyy + 2Axφx + 2Ayφy + κAt = 0 . (18)
Thus, the required conditions on φ are φxx = φyy = 0, which gives us
φ = φ0 + φ1x+ φ2y . (19)
Here all φi (i = 0, 1, 2) are functions of time only. Substituting back into Eq. (18) we get
Axx + Ayy − Az = 0 , (20)
where,
z = φ21 + φ
2
2 + κ
(
φ˙1x+ φ˙2y + φ˙0
)
. (21)
Thus, the required solution for the amplitude is
A = Ai
[
z
κ2/3(P 21 + P
2
2 )
1/3
]
, (22)
where φ˙1 = P1 and φ˙2 = P2 are both constants. With these conditions, we get,
φ0 = −
(
2
3κ
)(
P 21 + P
2
2
)
t3 −Qt , (23)
where Q is a constant as before. A similar calculation holds for the case with potential. This
solution is essentially non-separable in the variables {x, y, t}
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Figure 1: The plot of the amplitude in the two dimensional as function of x and y. Here, we
take P1 = 10.1, P2 = 2.3, Q = 0, κ = 1 and t = 0.
4 A nonlinear example
In this section, we apply this method in solving a particular example of the nonlinear type -
the Gross-Pitaevskii equation [7], which is given (in atomic units m = ~ = 1) by
iψt = −ψxx + V ψ + |ψ|
2ψ . (24)
Here, V = V (x, t) is the potential as given in section-2.2. With the substitution of the same
trial solution as before, we find that the resulting equations obtained by separating the real
and imaginary parts are
Axx −A(φx)
2 −Aφt − V A− A
3 = 0
Aφxx + 2Axφx + At = 0 . (25)
The second equation is exactly the same as before given by Eq. (5), while we get an addi-
tional nonlinear term A3 is the first. With the condition that ∂2φ/∂x2 be zero, we get, after
simplification, the following differential equation
Azz = Az + µA
3 , (26)
with z defined similarly to the variable y in section 2 (multiplied by an approriate constant)
and µ is a constant. This equation is a variant of the Type-II Painleve´ transcendent [8], which
are known to have solutions in terms of integral equations involving Airy functions [9]. Thus
we see a specific example of the utility of the present method in obtaining special solutions of
nonlinear Schro¨dinger equations.
5 Discussion
Here, we have showed that it is possible to solve for the nondispersive solution given by Berry
and Balazs in a systematic way. It is possible to obtain the solution from a purely analyt-
ical calculation, without any direct quantum-mechanical arguments. The method we have
5
presented, which is due to the fact that the second derivative of the phase in the spatial coor-
dinate can be set to zero, leads to an analogy with the modification of the wavefunction under
a Galilean coordinate transformation. This requirement is shown to work in a broad sense,
through the derivation of the Airy wavepacket in two dimensions and the reduction of the
nonlinear Gross-Pitaevskii equation to an ordinary diffenetial equation related to the second
Painleve´ transcendent. The latter has analytical solutions and numerical approximations which
have a striking resemblance with the Airy functions [10].
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